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Abstract
In this paper, we consider Oseen’s linearized equations, which appear in 2uid mechanics, in three-dimensional
exterior domains, and propose a new numerical method based on fundamental solution method coupled with
collocation method to solve this problem. We show the e4ectiveness of our method by numerical experiments.
c© 2003 Published by Elsevier Science B.V.
MSC: 65N35; 76D99
Keywords: Fundamental solution method; Oseen’s linearized equations; Low Reynolds number 2ow; Numerical solution;
Collocation method
1. Introduction
We consider Oseen’s linearized equations in three-dimensional exterior domains, and propose a
new numerical method based on fundamental solution method coupled with collocation method to
solve this problem. We show the e4ectiveness of our method by numerical experiments.
Oseen’s linearized equations are obtained by a linearization of Navier–Stokes equations around a
uniform 2ow under the assumption of low Reynolds number. Let (U∞; 0; 0) be the velocity vector
of the uniform 2ow at in?nity, and v= (v1; v2; v3) be the perturbation from the uniform 2ow. Thus
the velocity of the 2ow is given by V = (v1 + U∞; v2; v3). Oseen’s linearized equations are
Dv= R
9v
9x1
+∇p (1.1)
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and divergence free condition is
∇ · v= 0; (1.2)
where p represents pressure, R represents Reynolds number,  = 92=9x21 + 92=9x22 + 92=9x23 ; ∇ =
(9=9x1; 9=9x2; 9=9x3). We consider (1.1) and (1.2) in the exterior of a simply connected bounded
domain 
0 in R3, and call this problem exterior problem. We put the domain of consideration
as 
 = R3\
0, where 9
0 is assumed to be suIciently smooth. We assume the no-slip boundary
condition holds:
v1 + U∞ = v2 = v3 = 0 on 9
0: (1.3)
Our purpose is to propose a new numerical method to solve the boundary value problem (1.1)–
(1.3). We construct this new method by using fundamental solution method coupled with collocation
method. Fundamental solution method is a numerical method which constructs numerical solutions
for linear elliptic problem by linear combination of fundamental solution. The boundary conditions
are imposed on the numerical solution by collocation method. When applied to the boundary value
problems of Laplace equations in bounded domains, this method is usually called charge simulation
method, and known as fast and precise solver for which unique existence and convergence rate of
approximate solutions are analytically proved to various domains and boundary values [1,2]. The
fundamental solution method is also applied to Oseen’s linearized equations in two-dimensional
exterior domains [3].
In Section 2, we propose our numerical method. In Section 3, we show numerical results calculated
by our method. Conclusion is given in Section 4.
2. Numerical method
We explain the new numerical method which is based on the fundamental solution method coupled
with collocation method. Oseen [4] solved (1.1) and (1.2), and calculated the fundamental solution
tensor. The velocity part of the tensor is
E = (Eij) (i; j = 1; 2; 3);
where
Eij(x; y) =
(
9ijy − 9
2
9yi9yj
)
(x; y);
(x; y) =
−1
8
∫ (r−(x1−y1))
0
1− e−

d;
y =
92
9y21
+
92
9y22
+
92
9y23
; r = |x − y|; = R=2:
To apply the fundamental solution method, we ?rst choose N di4erent points zj (j= 1; : : : ; N ) in

0 which are called singularity points, then we construct approximate solution v(N ) =(v
(N )
1 ; v
(N )
2 ; v
(N )
3 )
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as follows:
(v(N )1 ; v
(N )
2 ; v
(N )
3 )(z) =
N∑
j=1
3∑
k=1
a(k)j (E1k(z − zj); E2k(z − zj); E3k(z − zj));
where a(k)j ∈R (j = 1; : : : ; N ; k = 1; 2; 3) are unknowns. For the simplicity of notations, we put
l= j + (k − 1)N; a∗l = a(k)j , and
E∗kl(z) =


Ek1(z − zl); 16 l6N;
Ek2(z − zl−N ); N + 16 l6 2N;
Ek3(z − zl−2N ); 2N + 16 l6 3N:
then we have
(v(N )1 ; v
(N )
2 ; v
(N )
3 )(z) =
3N∑
l=1
a∗l (E
∗
1l(z); E
∗
2l(z); E
∗
3l(z)) (2.4)
for approximate solution. We determine a∗l (l=1; : : : ; 3N ) by collocation method to satisfy boundary
condition (1.3) approximately. Namely, we choose N di4erent points j (j=1; : : : ; N ) on 9
0, which
are called collocation points, and calculate {a∗l } by the following equations:
v(N )(j) + (U∞; 0; 0) = (0; 0; 0) j = 1; : : : ; N: (2.5)
Solving Eqs. (2.5), and substituting {a∗l } into (2.4), we get numerical solution vN based on funda-
mental solution method coupled with collocation method.
3. Numerical results
In this section we show some numerical results calculated by our method. All programs in this
section are written in C, and calculated in double precision both on workstations and on personal
computers. As a measure of error, we introduce
I(W ) = max
x∈9
0
|W (x)|: (3.6)
Since the exact solution V of (1.1)–(1.3) has the property I(V ) = 0, smaller value of I(V (N ));
V (N ) = v(N ) + (U∞; 0; 0) indicates that the approximate solution is better. We call IN = I(V (N )) as
the error of the numerical solution (of V (N )). We approximate IN by max{x(i)}8000i=1 ⊂9
0 |V (N )(x(i))|:
In Figs. 1–3, we choose 
 as {x; |x|¿ 1}; U∞=1. We distribute the collocation points {l}Nl=1 ⊂
{x; |x| = 1} by a method which we call “slice points method”. Slice points {l} are determined as
follows. First we ?x an integer n¿ 3 and put
ij =


(0; 0; 1); i = 1; j = 1;
(0; 0;−1); i = n; j = 1;
(ri cos
(
2 j+(−1)
i =4
ni
)
; ri sin
(
2j+(−1)
i =4
ni
)
; cos((i − 1)s)); 26 i6 n− 1; 16 j6 ni;
where s= =(n− 1); ri = sin((i− 1)s) (26 i6 n− 1); ni = [2ri=s+0:5] (26 i6 n− 1). {l} are
renumbering of {ij}. We then choose singularity points {zl}Nl=1 by zl =  l, for 06  6 1 ?xed.
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Fig. 1. Error IN to
√
N , when  = 0:1; R= 1.
Fig. 2. Error IN to  , when N = 128; R= 1.
Fig. 1 shows error to square root of number of unknowns N , when parameter  is ?xed to 0.1,
and Reynolds number R is ?xed to 1. Horizontal axis represents
√
N and vertical axis represents
numerical error IN in logarithmic scale. This ?gure tells us that the error of our numerical method
decreases exponentially to
√
N when the number of unknowns N increases. This ?gure also tells us
that the error stops decreasing around
√
N = 15 or larger. The corresponding error is about 10−10.
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Fig. 3. Stream lines, when R= 1; N = 128;  = 0:1.
Fig. 2 shows error to parameter  , when number of unknowns N is ?xed to 128, and Reynolds
number R is ?xed to 1. Horizontal axis represents  and vertical axis represents numerical error IN
in logarithmic scale. This ?gure tells us that the best  to obtain small error is about 0.06, when N
= 128. The best  di4ers when N changes, but the ?gure keeps a similar shape.
Fig. 3 shows stream lines when R=1; N =128;  =0:1, calculated by our method. As the stream
lines are axisymmetric as a result (we did not assume this for our approximation method), we only
show the upper half part of cross section involving x1-axis and x3-axis.
4. Conclusion
We proposed a new numerical method based on fundamental solution method coupled with collo-
cation method for Oseen’s linearized equations in three-dimensional exterior domains. It is shown by
numerical experiments that the error of our method decays exponentially to square root of number
of unknowns. We calculated the stream lines using the numerical solution. We also proposed a new
distribution of points (slice points) on the unit ball in the numerical experiment.
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